We present a new approach for generating fast simulation models of electromagnetic (EM) devices that contain moving components and magnetic materials with nonlinear properties. Our approach is based on generating low-dimensional simulation models that approximate the original spatially discretized models of electromagnetic field and their variations under conditions of component movement and material nonlinearity. The movement of the modeled device components is simulated by coupling the reduced-order EM field models weakly to the mechanical equations. We have successfully used our approach to generate a fast simulation model of a simple electromagnetic device with a moving component and nonlinear material properties.
I. INTRODUCTION
A CCURATE simulation models that are able to analyze the behavior of real physical systems have become a base stone in the process of design and development of industrial devices. The permanently increasing complexity of modeled systems and the growing demand on improving models accuracy have been resulting in simulation models that have very large dimensionality. However, the requirements to simulate such models may rapidly go beyond the available time and computational resources.
Model-order reduction techniques present a solution for the complexity-accuracy dilemma. This is due to their ability to generate compact simulation models-having low number of equations-starting from the original high-complexity ones. The accuracy of the generated models can be guaranteed in some segments of the frequency domain or around several trajectories in the time domain.
Electromagnetism is one of the fields where model-order reduction techniques have been receiving a growing interest. Their ability to generate compact simulation models of electromagnetic (EM) devices starting from their spatially discretized linear models has been demonstrated in several works [5] , [20] - [22] . Less focus has been put on applying model-order reduction techniques to the nonlinear models of electromagnetic devices. A major contribution in this field is the work in [15] in which the authors applied the trajectory piecewise linear (TPWL) models approach [17] to generate a compact approximation model of a magnetic device with nonlinear materials properties. However, a crucial issue that has not been addressed in most of the previous works is considering the movement of the modeled device components in the generation of the reduced-order models. This can be traced back to the significant changes that can occur in the electromagnetic field model upon the movement of one or more of the modeled device components.
In this work, we propose a new approach that tackles the challenge of including the effects of both components movement Digital Object Identifier 10.1109/TMAG. 2008.920250 and materials nonlinearity in the reduced-order models of electromagnetic devices. The approach exploits model-order reduction techniques to approximate the large scale nonlinear models of the electromagnetic field by reduced-order ones having a much lower number of equations. The reduced-order EM field models are weakly coupled to the mechanical equations in order to handle the movement of the device components. The position information that are obtained from solving the mechanical equations are used to update the position-dependent terms in the reduced-order EM field models according to the new components positions.
The remainder of this paper is organized as follows. In Section II, a short introduction to order reduction approaches of nonlinear dynamic systems is presented, with a special focus on the TPWL models approach and the proper orthogonal decomposition (POD). In Section III, an overview on the time domain analysis of electromagnetic devices including motion is presented, providing more information on the coupled boundary element-finite element modeling (BEM-FEM) approach. The new approach for generating fast simulation models of moving nonlinear electromagnetic devices is presented in Section IV. Whereas in Section V, the results of applying the proposed approach to generate a compact model of a moving electromagnetic device with nonlinear materials properties are illustrated. Finally, a conclusion is drawn in Section VI.
II. ORDER REDUCTION OF NONLINEAR DYNAMIC SYSTEMS
The common aim of all model-order reduction approaches is to generate low-order approximation models of dynamic systems starting from their original high-order models. The order of a system in this context refers to the number of variables that are contained in the state vector of the system model. In the past two decades, several approaches for generating reduced-order models of large scale nonlinear dynamic systems have been proposed. Their development has been aiming at reducing the complexity of the generated reduced-order models, extending their validity range, and shortening their extraction time. Unfortunately, the inherited complexity of nonlinear systems has made it difficult to find an approach that fulfills all the above mentioned aims at once. Hence, the proposed approaches have achieved different compromises between the three conflicting 0018-9464/$25.00 © 2008 IEEE aims. A comprehensive survey in this field can be found in [13] and [14] . A recent approach that has been receiving a growing interest is the TPWL models [17] . This is due to its ability to generate low-order approximation models of dynamic systems with strong nonlinear behavior, while keeping the complexity of building and simulating the reduced models within acceptable bounds.
A. TPWL Models
Given a nonlinear dynamic system of order :
(1)
A reduced-order model of order can be generated using the TPWL models approach [17] as follows. (For the sake of clarity, the explicit notation of time dependency in , is dropped.) 1) Simulate the nonlinear system (1) with one or more typical excitation signals . 2) Linearize the nonlinear terms in (1) at different points along the simulated trajectories , in such a way that the nonlinear functions and can be locally approximated in the neighborhood of each of the linearization point by (2) where , are respectively the Jacobian matrices of the nonlinear functions and at the linearization point ( Fig. 1 ). 3) Define a distance based weighting function and approximate the nonlinear system (1) by a weighted sum of the linearized models:
The weighting coefficients determine the contribution of each of the linearized models (2) to the overall model (3) . Their values at each simulation step are calculated as a function of the distances between the current solution point and all the linearization points , in such a way that the value of a weighting coefficient increases when the state variables vector approaches the linearization point (4) 4) Use model-order reduction techniques to find a low-order approximation of the ensemble of linearized models (3). This can be performed by exploiting any of the techniques of order reduction of linear dynamic systems. However, in this work we use the proper orthogonal decomposition POD to perform this task. The reduction using POD corresponds to finding a global projection matrix that has the ability to approximate the state variables vector optimally in the subspace spanned by its columns as it will be shown in the next paragraph. 5) Reduce the order of all the linearized models in (3) from order to order , where is the number of columns contained in . The reduction is done by projecting the ensemble of linearized models onto the subspace spanned by the columns of the projection matrix : ( 
5) where
To summarize, the TPWL models approach approximates the nonlinear model in (1) by a weighted sum of linearized models (3) . Then the number of equations in all linearized models is reduced to generate the final compact low-order model (5).
B. Proper Orthogonal Decomposition POD
The proper orthogonal decomposition is a method for building a low-order approximation of both linear and nonlinear dynamic systems. It is based on formulating the behavior of dynamic systems as a function of a low number of orthogonal vectors that are extracted from the partial observations of the system variables [2] .
If a number of observations of the variables of a dynamic system are assembled in a so-called snapshots matrix:
the POD approximates the high-dimensional observations in as linear combination of a low number of orthogonal vectors such that where There are several popular approaches to construct the orthogonal vectors of the matrix based on the information contained in the snapshots matrix, such as the principal components analysis PCA, the Karhunen-Loeve decomposition KLD, and the singular values decomposition SVD. However, the authors in [12] have proved the equivalence of the three methods. In the SVD-based approach, the optimal approximation of is formulated as a matrix approximation problem. The approximation accuracy can be expressed in minimizing a certain norm of the error matrix This minimization problem can be exactly solved by finding the singular values decomposition and taking the optimal basis vectors as the columns of and the reduced-order snapshots matrix as . However, in order to get a low rank approximation of , only the first columns of are taken in the matrix . This, in turn, guarantees minimizing both the 2-induced and the Frobenius norms of the error matrix: assuming that (6) It can be clearly seen in (6) that the approximation optimality can be improved by taking more columns of in the matrix . Therefore, a tradeoff between the required approximation accuracy and the dimensionality of the reduced-order approximation has to be found. This tradeoff can be determined by giving the required level of accuracy [e.g., maximum allowed error norm in (6) ] and finding the required number of basis vectors to achieve it. It is worth mentioning that in the case where the number of snapshots is smaller than the dimensions of the observed systems, the optimal basis vectors can be found in a cheaper way by performing an eigenvalues decomposition of the autocorrelation matrix , and using the resulting eigenvectors to construct the optimal basis vectors of as shown in [1] .
It should be stressed that the optimality of the POD approximation is only guaranteed for the vectors that are contained in the snapshots matrix . Therefore, in order to get a good approximation of the behavior of a dynamic system in certain segments of its state space, the system has to be simulated using suitable excitation signals in order to generate enough observations that represent the dominant behavior of the dynamic system in the considered segments of the state space.
III. TIME DOMAIN ANALYSIS OF ELECTROMAGNETIC DEVICES INCLUDING MOTION

A. General Overview
The dynamic analysis of electromechanical systems including motion requires the solution of the coupled electromagnetic-mechanical equations. However in a large class of industrial applications, the state variables of the mechanical equations are much slower than the ones of the electromagnetic field equations. Thus, if the simulation time step is chosen to be small enough, then the two systems of equations can be solved alternatingly in the so called "weak electromechanical coupling" approach [9] as it is shown in Fig. 2 :
The main steps of the weak coupling scheme can be summarized as follows:
1) Solving the electromagnetic field equations: In low-frequency limits, the spatial discretization of the transient formulations of electromagnetic field using one of the finite discretization methods [e.g., the finite element (FE), finite difference (FD), or the coupled finite-element boundary-element methods (BEM-FEM)] commonly produces largeorder nonlinear systems of ordinary differential equations or differential algebraic equations [6] . By applying a certain time integration scheme, the values of the EM field variables can be found and the corresponding magnetic forces and torques can be calculated. 2) Solving the mechanical equations: Based on the calculated values of magnetic forces and torques, the mechanical equations can be solved in order to update the device components positions. If movement of rigid bodies is considered, the movement of an object can be described as a translation of its center of gravity with respect to a reference coordinate frame, and a rotation of its own coordinate frame with respect to the reference frame. Therefore, a maximum number of six equations per moving object are required for describing its movement in 3-D space. 3) Updating the electromagnetic field equations according to the new components positions: When one or more of the device components move, the electromagnetic field model has to be updated. Several strategies can be exploited to perform this update. In the remeshing approach [11] , a new discretization mesh with a possibly new number of nodes has to be generated whenever the device components change their positions. Whereas in the sliding mesh approach [4] , which is particularly popular for handling rotational movement, the unknown variables that are located on the interfaces between the sliding meshes are permutated upon components rotation. Finally, in the coupled boundary elements finite elements method BEM-FEM, a group of boundary matrices has to be recalculated whenever a device component changes its position. After updating the electromagnetic field equations, a new simulation cycle can be started according to the aforementioned steps. However, for complex EM devices, solving the high-dimensional nonlinear EM field equations can be very time and computer resources consuming. Therefore, a significant speed up in the simulation time can be achieved by approximating the original systems of equations by compact ones having much lower number of equations.
Motivated by this fact, this research work exploits model-order reduction techniques to build low-order approximation models of EM field starting from their original high-dimensional spatially discretized ones. The coupled BEM-FEM is chosen to generate the full order models of EM field due to its advantages in keeping both the number and the ordering of the EM field variables constant during components movement, as it is shown in detail in the next paragraph.
B. Time Domain Analysis Using the Coupled BEM-FEM
The modeling scheme reviewed here starts from the potential based magneto(quasi)static formulation of Maxwell equations: The relative reluctivity is dependent in general on the vector of EM field variables [8] , this dependency in turn makes (7) nonlinear.
When applying the BEM-FEM method to discretize the (7)-(9) in 3-D space, the conducting and the magnetic parts of the devices are discretized using finite elements, whereas the boundary elements are used to cover the surrounding surfaces. The spatial discretization can be carried out using a nodal-based approach [10] , [19] or an edge-elements-based one [16] . The latter approach is based on treating the variables of the EM field as differential forms [3] , a treatment that has been proved to produce in general the right solution of Maxwell problems [7] . However, the detailed comparison between the two approaches is out of the scope of this work. The important fact concerning the presented work is that both of the discretization approaches in [10] , [16] , [19] produce a system of differential algebraic equations DAE of the form: By eliminating the algebraic variables from (10) and assuming-without the loss of generality-that all sources of magnetic vector potential are modeled in (i.e.
), then the EM field model can be written as (11) where (12) The dependency of the matrix on the position originates from the dependency of the boundary matrices , on the positions of the modeled device components.
The vector contains in general the contributions of the impressed current densities. However, in this work we consider the case where the sources of excitation are current driven coils with homogenous current densities throughout their cross sections [18] . Under this assumption, the vector can be written as (13) where are vectors containing the coefficients of the excitation coils , and are their respective impressed currents.
In order to model components movement, the induced electromagnetic forces and torques in those components have to be calculated, and the equations that describe both their rotational and translational movement have to be solved. A popular method to calculate electromagnetic forces is to integrate the Maxwell stress tensor [9] , [10] over the boundary of an object giving the total electromagnetic force that is acting on it: The tangential vector and the normal induction can be calculated from the solution vectors of discretized model (10) . The spatially discretized form of (14), (15) can be formulated as (16) where the index denotes the object for which the EM force is calculated. The matrices are constant and do not need to be updated upon components movement. However, when eliminating the variables from (16) the resulting matrices become position dependent, due to the use of the position-dependent matrices , (10) in the elimination step: (17) The magnetic torques can be derived in a very similar way, and the rotational movement of the device components can be handled by solving Euler's equations.
Due to the limited editorial space, we will restrict ourselves in this work to the case of a translational movement of a single object, additionally we assume that the source of EM field is a single current driven coil (13) . However, the extension to the case of rotational movement, multi moving objects, and multi excitation coils is straightforward. Consequently, the overall model considered in this work consists of the high-order nonlinear EM field model: (18) weakly coupled to the low-order mechanical model: (19) where , , are respectively the mass, damping, and the stiffness matrices of the mechanical equations, and is the position vector of the device components.
IV. A SCHEME FOR MODEL-ORDER REDUCTION OF MOVING NONLINEAR ELECTROMAGNETIC DEVICES
The structure of the weakly coupled models (18), (19) represents a challenge for applying order reduction techniques due to the following difficulties.
• The nonlinearity of the electromagnetic field model which appears in the term .
• The explicit dependency of the electromagnetic field model (18) on the position variables of the weakly coupled mechanical equations (19) , which appears in the position-dependent terms and . The nonlinearity of the EM field model can be tackled by applying the TPWL models approach to approximate the nonlinear term by a weighted sum of its linearized functions at several linearization points . However, the problem of the explicit dependency of the EM field model (18) on the position variables of the weakly coupled mechanical equations remains unsolved even after applying the TPWL model. In order to overcome this challenge, we propose to use the position information that are obtained from solving the mechanical equations (19) to approximate the position-dependent terms , in the EM field equations (18) at each simulation step. The approximation can be realized by interpolating a group of their values , at several position points along the movement path.
The proposed scheme for generating reduced-order EM devices models is detailed in the following.
1) Simulate the high-order nonlinear EM field model (18) weakly coupled to the mechanical model (19) 
The weighting function should be constructed in such a way that a linearized function (20) gets a higher weighting value when the variables vector of EM field approaches the linearization point . Similarly, the weighting function should give higher weighting values for the position-dependent matrices , when the position vector approaches the position point . 5) Assemble a group of solution vectors of the high-order nonlinear EM field equations (18) in a so called snapshots matrix , and apply the POD to generate a projection matrix that realizes an optimal approximation (6) of the ensemble of the solutions that are contained in the snapshots matrix. The final reduced-order model of the electromagnetic field (25), (26) is of order (i.e. having unknowns in the variables vector ) which is much lower than the order of the original model (18) . Therefore, it offers a significant reduction in the required simulation time and computational resources.
The decoupled approximation of the position-dependent terms and the EM field variables dependent terms in the electromagnetic field model (25), (26) allows the user to control the approximation accuracy of both terms independently. This can be done by controlling the parameters and respectively. Moreover, the decoupled approximation of the position-dependent terms allows to couple the reduced-order EM field model (25), (26) to any parametric mechanical model in order to simulate the components movement. This in turns makes the overall coupled electromagnetic-mechanical models parametric and enables exploiting them in the design optimization and robustness analysis of electromechanical systems.
The simulation cycle of the overall reduced-order device model can be performed according to the following algorithm: 7: Simulate the reduced-order model (21) in the time span to find ,
Simulate the mechanical equations (19) in the time span to find , 9: set , , ,
10: end for
It is worth mentioning that the quadratic output equation in (22) keeps the overall approximation model of EM field (21), (22) nonlinear even after linearizing the nonlinear term in the differential equation (21) . Therefore the POD method is chosen for reducing the order of the ensemble of models (22) due to its ability to reduce the order of nonlinear dynamic systems.
V. SIMULATION RESULTS
In this section, the proposed order reduction scheme is applied to generate a fast simulation model of a magnetic device with nonlinear magnetic materials (Fig. 3) . The device consists of a coil, a ferromagnetic core, a moving anchor, and a mechanical spring between the anchor and the magnetic core. The device is modeled using a 2-D model and spatially discretized using the coupled BEM-FEM method. The spatial discretization of the magneto(quasi)static electromagnetic field equations resulted in a system of nonlinear differential algebraic equations DAEs of order . The algebraic part is removed by elimination to get a system of nonlinear ordinary differential equations (18) of order . The movement of the anchor is restricted to a one dimensional translation of its center of gravity along the z-axis and modeled using (19) . The bumps at the end of both movement directions limit the anchors movement to the range . Three simulation runs of the full-order nonlinear model (18) , (19) were performed using excitation signals of maximal amplitudes of 4, 8, and 15 A, respectively (Fig. 4) . The simulation step size was chosen to be , and the number of simulation steps per run is set to 300. The aforementioned settings of the simulation time steps have been fixed for all the simulation runs presented in this work including the simulation runs of the reduced-order model. The nonlinear term is linearized at all the simulation steps along the three simulation trajectories. . The solution vectors of the high-order nonlinear model (18) are assembled in a snapshots matrix, and the proper orthogonal decomposition is applied to extract the optimal orthonormal basis vectors. A total number of orthonormal vectors were needed to achieve a good approximation of the snapshots matrix. The generated reduced-order electromagnetic field model (25), (26) of order is weakly coupled to the mechanical equations (19) and simulated using the same excitation signals that were used to generate the training trajectories.
The simulation results in Fig. 4 show an excellent matching between the full-order and the reduced-order models considering both the output of the electromagnetic field model (the magnetic force acting on the anchor), and the output of the weakly coupled mechanical equation (anchor's position). For the purpose of validation, both models are simulated using two input signals of maximal amplitudes of 6 and 12 A, respectively. The simulation results in Fig. 5 show an excellent matching between both models, with the reduced-order model being approximately 50 times faster than the original model in all simulation runs as it is shown in Table I .
Further validation runs using excitation signals of maximal amplitudes of 30 and 50 A, respectively, have shown a degradation in the approximation accuracy of the reduced-order model. This behavior was expected, as the new input signals-that have much higher amplitudes than all of the training signals-drive the simulation trajectories to new regions of the state space of the original model (18) . In those regions, the behavior of the nonlinear function is unknown to the model (25) and cannot be well approximated as a weighted sum of the existing linearized models in it. However, this degradation was alleviated by linearizing the nonlinear term at several points along the new simulation trajectories, and appending the new linearization points-after reducing their order-to the set which is used by the weighting function (27). Additionally, the new linearized terms , are appended to the ensemble of linearized models in (25) after reducing their order. This shows that the validity range of the proposed reduced-order models can be expanded successively when required, without the need to repeat the model generation procedure from the very beginning.
Finally, it has been noticed that the accuracy of the reducedorder model improves slightly when simulating it using smaller time steps . This can be traced back to the finer interpolation of the approximated terms in (25), (26). However, it is not trivial to make a general judgment regarding the maximal allowed size of the simulation step . This is due to the fact that all simulation models that are based on the weak electromechanical coupling approach-including the original full-order nonlinear model-suffer from the lack of accuracy if the size of simulation time step is not chosen adequately.
VI. CONCLUSION
In this work, we presented a new approach for generating fast simulation models of electromagnetic devices using modelorder reduction techniques. The approach is based on approximating the high-dimensional spatially discretized models of electromagnetic field by reduced-order ones, that are able to reproduce the behavior of the original models and their variations under both components movement and materials nonlinearity. A major advantage of the proposed approach is in its ability to decouple the approximation of the model variations that are caused by components movement from the ones that are induced by the nonlinearity of magnetic materials, as this provides the possibility to control the approximation accuracy of both variation types independently. Moreover, the decoupled approximation of the position-dependent terms allows coupling the reduced-order EM field models weakly to any parametric mechanical system in order to simulate components movement. This makes the overall coupled electromagnetic-mechanical models parametric, and enables their use in the design optimization and robustness analysis of the modeled systems, which is expected to produce a remarkable speed up in the required time and computational resources in comparison to using the original models. This is currently being investigated in our ongoing research.
